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Minimum Energy Trap States of Dual-Spin Spacecraft

Michael G. Hollars*
Jet Propulsion Laboratory, California Institute of Technology, Pasadena, Calif.

The spin bearing assembly on a dual-spin spacecraft can encounter undesirable dynamic torques which exceed
the available spin bearing motor torque, resulting in a failure to despin the stator (hence a "trap state"). This
trap state torque is caused by static imbalance, dynamic imbalance, and asymmetry on the rotor and the stator,
and is also a function of the rotational kinetic energy of the system. A general solution for the trap state torque is
presented for dual-spin spacecraft at or near the minimum kinetic energy state. This covers all oblate dual-spin
spacecraft near the all-spin mode with nutation damped out. The trap state torque equation for the case of small
static and dynamic imbalances and asymmetries shows that the torque is primarily due to coupling between static
imbalances or to coupling between dynamic imbalances on both bodies, but not to cross-coupling between static
imbalance, dynamic imbalance, and asymmetry. The trap state torque equation extended to include large
asymmetry on one of the bodies has an additional term due to cross-coupling between the large asymmetry on
one body and dynamic imbalance on the opposing body. Design equations for the NASA/JPL Jupiter orbiter
spacecraft Galileo are developed for sizing of the spin bearing motor and for mass property constraints.
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Nomenclature
= maximum allowable center of mass offsets for

Galileo stator and rotor, respectively
= coefficients of eigenvalue equation
= centers of mass of bodies 1 and 2 and the total

spacecraft, respectively
= Ixzl + exl mr=component of dynamic

imbalance of body 1 about the bearing axis
= Iyzl + eyl mr=component of dynamic

imbalance of body 1 about the bearing axis
= Ixz2 — ex2 mr = component of dynamic

imbalance of body 2 about the bearing axis
= Iyz2 -ey2mr=component of dynamic

imbalance of body 2 about the bearing axis
= angular momentum of spacecraft
= centroidal inertia tensor of body 1 in coor-

dinate frame xlylzl with principal moments of
inertia 7^, Iyyl, Izzl and products of inertia
*xyl» *xzl> *yzl

= centroidal inertia tensor of body 2 in coor-
dinate frame X2y2z2 with principal moments of
inertia 7^, Iyy2, Izz2 and products of inertia
*-xy2> *xz2> *yz2

= centroidal inertia tensor of the complete
spacecraft in coordinate frame xsyszs with
principal moments of inertia 7^5, IyyS, IzzS and
products of inertia IxyS, IxzS, IyzS

= ** djcxl +*yyl ) + 1/2 dXx2 + Iyy2)+mr2'9 for
small center of mass offsets, e, this is ap-
proximately the average transverse moment of
inertia of the spacecraft about its center of
mass

= Izzl+Izz2l for small center of mass offsets, e,
this is approximately the moment of inertia of
the spacecraft about the bearing axis

= !/2 (I^j —lyyi) = averaged difference between
body 1 transverse moments of inertia = a
component of body 1 asymmetry

= Vi (1^ -Iyy2) = averaged difference between
body 2 transverse moments of inertia = a
component of body 2 asymmetry
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= rotational kinetic energy of spacecraft
= minimum rotational kinetic energy of

spacecraft for a given angular momentum
=mIm2/(m1+m2) = reduced mass
= mass of bodies 1 and 2, respectively
— static imbalance term in the bearing torque

equations
= maximum Q for a given set of spacecraft

design constraints
= dynamic imbalance term in the bearing torque

equations
= distance separating the centers of mass of the

bodies along the bearing axis
j = body 1 asymmetry

= \lkJ2
2 + I2

xy2 = body 2 asymmetry
= dynamic bearing torque
= maximum dynamic bearing torque
= body-fixed, mass-centered orthogonal

coordinate frame of body 1
= body-fixed, mass-centered orthogonal

coordinate frame of body 2
= mass-centered orthogonal

coordinate frame of the spacecraft, fixed with
respect to body 1

= relative angular position between bodies 1 and
2 about the bearing axis

= components of center of mass offset of body 1
from the bearing axis

= components of center of mass offset of body 2
from the bearing axis

= components of center of mass offset of the
spacecraft from the bearing axis

= phase shift angle between the x axis and a
principal axis of transverse moment of inertia
for bodies 1 and 2, respectively

= spacecraft centroidal principal moment of
maximum inertia

= eigenvalue
= nominal spin rate of the spacecraft about the

bearing axis

Introduction

A MINIMUM energy trap state occurs in a dual-spin
spacecraft when the stator cannot be despun. The

bearing axis motor generates insufficient torque to overcome
dynamically generated bearing torque during the attempted
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stator despin maneuver. The dynamic bearing torque is
generated by static imbalance, dynamic imbalance, and
asymmetry on both bodies of the dual-spin system. In con-
trast, the bearing torque can also become a problem when it is
desired to hold the stator fixed with respect to the rotor during
certain spacecraft maneuvers. If the maneuver produces large
changes in the spacecraft's mass property imbalances and
asymmetries, the dynamic bearing torque may exceed the
combined motor and friction torques and wrench the stator
from its desired position.

Previous studies of the minimum energy trap state problem
typically used simplified dual-spin spacecraft models to
demonstrate the existence and character of the minimum
energy trap state. Scher and Farrenkopfl analyzed a statically
balanced model with dynamic imbalance on the stator and
asymmetry on the rotor. Adams2 analyzed a similar model
with asymmetry added to the stator. This paper extends their
work to the general solution including static imbalance,
dynamic imbalance, and asymmetry on both the rotor and
stator. The results of this analysis are applied to the dual-spin
spacecraft Galileo, a Jupiter orbiter spacecraft to be launched
in 1985 by NASA JPL to study the planet, its satellites, and
local Jovian space.

Spacecraft Model
A general model of a dual-spin spacecraft is shown in Fig.

1. The model consists of two connected rigid bodies which can
rotate relative to each other only about a single common
bearing axis. As shown in the figure, there are three sets of
coordinate axes defined. Axes x]t y}, and z, form an or-
thogonal triad, located and fixed at the center of mass of body
1, Cr Axis z; lies parallel to the bearing axis. The x2, y2>
and z2 axes are defined similarly for body 2. The orthogonal
system axes xs, ys, and zs are located at the system center of
mass, Cs, but are parallel to axes x]t y]f and z/. Thus axis zs
also lies parallel to the bearing axis. The relative angle be-
tween the bodies, a, is defined to be the counterclockwise
angular displacement of the x2 axis with respect to the x} axis
as viewed from the + z direction.

BEARING AXIS

The center of mass offsets from the bearing axis, ex and ey,
are measured in the xy plane of each body along the x and y
axes, respectively. The centers of mass of the bodies are
separated along the bearing axis by distance r. The centroidal
inertia tensor of each body is designated by [/] , and the mass
by m. The general solution of the dynamic bearing torque
requires only that the spacecraft be an oblate dual-spinner.
The only restrictions subsequently placed upon the model are
that asymmetry, static imbalance, and dynamic imbalance are
small (< 10%), compared to the principal moments of inertia
of each body. Subsequently, large asymmetry is allowed on
one of the bodies. Thus, any reasonable cpmbination of
asymmetry, static imbalance, and dynamic imbalance can be
represented by this model.

The centroidal inertia tensor [7]s of the rigid two-body
dual-spin system can be derived in terms of the inertia tensors
of the two bodies [7]7 and [7]2, and the geometry of the
spacecraft. [7]s is required for analysis in the next section.
The components of [7]s are derived using tensor rotation
transformations and the parallel axis theorem. Each com-
ponent is expanded in terms of principle inertias, geometry,
static imbalances, dynamic imbalances, and asymmetries
about the bearing axis (see Nomenclature):

fxxs = Jt + ̂ Ji + A/2cos2a: - Ixy2sin2ot

+ m (

(1)

ys =J(~ A// — A/2cos2a + Ixy2sm2a

+ m ( e^2Sm2a + ex2COs2(X ~2exl €x2COSOi

- ex2ey2sin2a + 2exley2sina + e2
xl ) (2)

(3)

e2
2 - e2

x2 ) sin2a

+ (€*/cx2-cj,7c>2')sina+ (cjc/e

-ex2ey2cos2a-exleyl]

IyzS = Dyz2cosa + Dxz2sina + Dyzl

IxS = - D2sina + DxzS yz2 xzl

(4)

(5)

(6)

Minimum Energy Trap
The kinetic energy of a damped spinning system will

eventually reach a local minimum compatible with the
system's angular momentum. Pringle3 demonstrated that this
minimum energy state for a quasirigid body is one of spin
about the body's centroidal principal axis of maximum
inertia. To apply this result to a dual-spin system, viscous
friction acts about the bearing axis until relative motion
between the two bodies is stopped and, thus, can be con-
sidered quasirigid. The minimum kinetic energy of the dual-
spin system in this state is given by

Km(a)=\H\2/2As(a) (7)

Fig. 1 Spacecraft model.

where the angular momentum H is constant (no external
torques applied) and the spacecraft maximum centroidal
principal moment of inertia As is a function of spacecraft
mass properties and geometry which varies with a. As, the
largest eigenvalue of [7]s, is found by solving for the largest
root of the eigenvalue equation

(8)
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where

n — J2U0~1xy
(9)

a —

<* = - f - f - 0 0

The components of [I]s are listed in Eqs. (1-6). For the
Galileo mass properties and geometry listed under case A in
Table 1, the minimum kinetic energy as a function of a is
plotted in Fig. 2 as a solid line. The local minimum on the plot
indicates the value of a to which the system will settle if only
viscous friction acts about the bearing axis. Maximum Km is a
point of unstable equilibrium.

Scher and Farrenkopf1 estimated the upper limit motor
torque required to escape the minimum energy trap as the
torque required to hold the two bodies fixed with respect to
each other for any value of a. Deriving Lagrange's equation
of motion for the rigid two-body, dual-spin spacecraft model
and applying the holonomic constraint d = 0, yields the torque
equation

T=—dK/da - (12)

Applying this equation to the minimum energy state of the
spacecraft and expanding yields

r=-
dot dA (13)

which can be implicitly evaluated from Eqs. (7) and (8) as

Table 1 Galileo worst-case mass properties

Symbol Case A

2358.0

CaseB CaseC Units

Jt
A/7

S?

Ixy2
S2
Dxzl
D j
Dxz2
Dyz2
a
exl
eylb
tx2
ey2
m
mi
m2
r
Q

4583.7
5750.0

155.0
10.0

155.3
50.0
50.0
70.7
20.0
20.0
0.1
0.1

0.0254
0.0180
0.0180
0.0350
0.0250
0.0250
615.0
988.0

1630.0
1.50

1.0472

4583.7
5750.0

155.0
10.0

155.3
50.0
50.0
70.7
20.0
20.0
0.1

45.0
0.0254
0.0180
0.0180
0.0350
0.0250
0.0250
615.0
988.0

1630.0
1.50

1.0472

4300.0
5695.0
300.0
40.0

303.0
40.0
40.0
56.6
60.6
60.6
19.4
19.4

0.0350
0.0250
0.0250
0.0350
0.0250
0.0250
589.0
950.0

1550.0
1.40

1.0472

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

kg-m2

m
m
m
m
m
m
kg
kg
kg
m

rad/s

a (RADIANS)

Fig. 2 Minimum kinetic energy and bearing torques as a function of a.

+ As(dfl7/da) + (da0/dct) (14)

Direct evaluation of this torque equation, using the spacecraft
inertia tensor components, yields over 1000 terms. The
computer-assisted algebra software package MACSYMA (see
Acknowledgments) analytically evaluated this general torque
equation. The dotted line in Fig. 2 is a plot of T for the
Galileo mass properties listed under case A in Table 1. Note
that there are two points at which T= 0 for this set of mass
properties. The crossing at a^3ir/2 is a minimum energy
trap. The crossing at a^2ir/3 is a point of unstable
equilibrium. Other spacecraft mass properties can generate
multiple maxima and minima. The next section describes an
order analysis in which third-order and higher terms are
dropped for special cases.

Reduced Order Analyses of Bearing Torque
Although the exact solution of dynamic bearing torque for

the general case was determined, physical interpretation of the
results was hampered by the huge size of the equation.
Consequently, the general bearing torque Eq. (14) was
evaluated for the special case of small static imbalance, small
dynamic imbalance, and small asymmetry on both bodies.
Center of mass offsets, asymmetry, and products of inertia
are considered to be first-order variables. The principal
moments of inertia, center of mass separation distance r, and
the reduced mass m are considered to be zeroth-order
variables. For the Galileo dual-spin spacecraft (Table 1), this
analysis allows center of mass offsets of up to 10 cm, products
of inertia and asymmetries of up to 300 kg-m2 in the rotor and
30 kg-m2 in the stator. Note, however, that the Galileo stator
has much larger asymmetry than allowed for in this analysis.
Large asymmetry for one body will be analyzed at the end of
this section.

MACSYMA was used to perform the reduced order
analysis. The order of each variable was tagged as first or
zeroth order in the expanded form of Eq. (14). Then each
term, or product of variables, in the equation had an order
associated with it (zeroth, first, ..., up to sixth), which in-
dicated its relative magnitude with respect to the other terms.
Retaining only second-order terms and lower, along with the
approximation AS—JZ, yields the greatly simplified equation

where

S=-si

(15)

ey]ey2)-cosot(ex2ey]-exley2) (16)
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Fig. 3 Exact and approximate bearing torques as a function of a.

is the static imbalance term, and

R = sin<x(DxzlDxz2+DyzlDyz2) + cosa(DxzlDyz2-Dxz2Dyzl)
(17)

is the dynamic imbalance term. Reduced mass m multiplies
the static imbalance term, and the dynamic imbalance term is
divided by the oblate spinning body stability term, Jz-Jr
The total dynamic bearing torque varies directly as the square
of the spin rate (12= I//I/AS^ \ H \ / J Z ) . Figure 3 compares
the results of this second-order analysis to the exact solution
for the Galileo mass properties listed in Table 1 (case A). The
maximum bearing torque Tmax computed by this second-order
analysis is within 22% of the correct value. It is interesting to
note that small asymmetry in either body does not even
contribute second-order terms to the torque equation in this
analysis. Static and dynamic imbalance are the principal
contributions to the dynamic bearing torque. However, static
imbalance must be present on both bodies or dynamic im-
balance must be present on both bodies to create the bearing
torque.

The second-order analysis was then extended to the case of
large asymmetry on one of the bodies. Some dual-spin
spacecraft such as Galileo and DSCS-II2 fall into this
category. All the variables remain the same order as in the
previous analysis, except that AJy and Ixyl (i.e., the com-
ponents of Sj ) are zeroth-order. Retaining only second-order
terms and lower, along with the approximation As — Jz, yields
the torque equation

T=V2{Qm[(Jz-J()2-S2]+R[Jz-J(]

+ SI[(D2
yz2-D2

xz2)sin(2ci-20I) -2D^

+ (DyziDyz2 ~ £>XZ1DXZ2 ) Sin (a + 20, )

(18)x [(Jz-Jt)2-S2+2cos(2ot-201-2d2)S1S2]

where Q and R are as defined in Eqs. (16) and (17). Each set
of asymmetry components A/ and Ixy has been combined into
a total asymmetry term S with constant phase shift angle 6
between the x axis and a principal axis of transverse moment
of inertia. Figure 3 compares the results of this large asym-
metry modified second-order analysis to the exact solution for
the Galileo mass properties listed in Table 1 (case A). The
results of the modified analysis agree much more closely with

the exact results than in the previous analysis. Tmax is within
2% of the correct value.

The first two terms of the resulting torque equation for the
large asymmetry analysis are very similar to those obtained
previously [Eq. (15)]. The additional factor multiplying Q
will be very close to one, unless S2 is also large and the
magnitude of S7 approaches Jz-Jt\ in which case the
spacecraft is almost spinning unstably about its bearing axis
anyway. The factor multiplying R will be very close to
I/ (Jz — J t ) , as before, unless the spacecraft is nearly unstable
as discussed above. The third additional term, with S7 as the
dominant factor, shows the major contribution of large
asymmetry to the dynamic bearing torque. Note, however,
that asymmetry on one body must couple with dynamic
imbalance on the opposing body to contribute to the bearing
torque.

This analysis can be extended one more step to include large
asymmetry on both bodies, if desired. However, this analysis
cannot be extended further to include large center of mass
offsets or large xz and yz products of inertia because the
assumption AS—JZ used in determining Twill no longer be
valid. The reduced order analysis could be extended to a wider
variety of dual-spin spacecraft configurations if ap-
proximations for As were developed.

Application to Galileo
Further constraints must be applied to the dynamic bearing

torque equations [Eq. (15) or (18)] to determine the
maximum bearing torque likely to occur during the Galileo
mission. These constraints depend upon the spacecraft design
requirements and the operational states of the spacecraft
during all phases of the mission. For Galileo, static imbalance
must be within specific boundaries during the entire mission,
but is not controlled during flight. Similarly, rotor and stator
asymmetry are known throughout the mission. The Galileo
wobble control system eliminates practically all dynamic
imbalance on the rotor during most phases of the mission.
However, there is one mission phase in which large dynamic
imbalance is generated on the rotor. This case is discussed
last.

The maximum dynamic bearing torque generated by static
imbalance is found by coupling the design constraints

(19)

with the static imbalance term Q in Eq. (18). Allowing the
maximum center of mass offsets and using the technique of
Lagrange multipliers with the constraint equations to find the

0.6

o.o
800 1000200 400 600

TIME (sec)

Fig. 4 Simulation run of a stator despin from 0.33 rad/s.
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Fig. 5 Galileo dual-spin spacecraft.

maximum Q yields

(20)

For Galileo, a = 0.0254 m and & = 0.035 m, which results in a
Cmax of 8-89 x 1°~4 m2- When the dynamic imbalance on the
rotor is negligible, R is also negligible because dynamic im-
balance^ is necessary on both bodies to contribute to bearing
torque. The large asymmetry term in Eq. (18) also requires
dynamic imbalance on the rotor to contribute significantly to
bearing torque. Thus the maximum dynamic bearing torque
for most of the Galileo mission is only dependent upon static
imbalance and is given by

T = =0.55Q2 N-m (Q in rad/s) (21)

for the Galileo mass properties in Table 1 case A.
The Galileo stator is despun from 3.15 rpm (0.33 rad/s)

several times during the mission. The minimum energy trap
state bearing torque during despin at 3.15 rpm for the Galileo
mass properties listed under case C, Table 1, (data are for an
earlier configuration) is 0.318 N-m as per Eq. (15). A com-
puter simulation of stator despin shown in Fig. 4 indicates
that only 0.093 N-m or about 30% of the predicted amount of
torque is required to successfully initiate stator despin for this
case (but only after almost 200 s of applied torque). As the
stator begins to despin, angular momentum is built up in the
stator to allow it to "coast over" the maximum torque
peaks.1 This phenomenon cannot be predicted by the current
analysis because the holonomic constraint d = 0 is violated
when the stator begins to despin. However, the analysis does
give an upper limit to the bearing torque.

Galileo is constructed with a large appendage attached
radially to the rotor by a hinged spring-damper system such
that the appendage can flex only in the y2z2 plane (Fig. 5).
The appendage is used for passive nutation damping.4 As the
appendage flexes, Iyz2 product of inertia is generated which
causes dynamic imbalance in the rotor. This dynamic im-
balance is negligible except during a particular mission phase.
The appendage sags substantially under the axial acceleration
of a main engine burn. For large Dyz2 dynamic imbalance, the

maximum torque from Eq. (18) reduces to approximately

(Jz-y ()[Z?^(V2/2) (Dnl + Dxzl)]rji /-w

max =

(22)

for small asymmetry S2 on the rotor and large asymmetry 57
on the stator. For one particular worst case configuration of
Galileo in which Iyz2 increases by 45 kg-m2 during an engine
burn (case B,, Table 1), the maximum dynamic bearing torque
is

max ~~ (0.55
static

imbalance

1.11

dynamic
imblance

0.34) Q2 N-m

= 2.00 Q2 N-m (Q in rad/s) (23)

During a large engine burn, both the rotor and stator on
Galileo are spun up to 1.047 rad/s. The spin bearing motor
can generate at least 2.8 N-m torque in addition to 0.5 N-m
bearing friction, which can oppose the possible 2.18 N-m
dynamic bearing torque created during the engine firing. This
case is different from the minimum energy trap state case in
that the stator must be prevented from being "wrenched'*
toward a minimum energy trap rather than attempting to
escape one.

Conclusions
Generalization of the simple models used to study the

minimum energy trap state phenomena reveals that static
imbalance and dynamic imbalance are the primary con-
tributors to trap state bearing'torque. However, static im-
balance or dynamic imbalance must be present on both bodies
to create dynamic bearing torque. Large asymmetry on one
body contributes significantly to bearing torque only if
coupled with dynamic imbalance on the opposing body.
Specific application of the results to the Galileo dual-spin
spacecraft demonstrated techniques for prudent selection of
spacecraft mass properties and the sizing of the stator despin
motor.
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